The 0{n) Model in the n ^ Limit ( self- avoiding- walks) 

and 

Logarithmic Conformal Field Theory 

M. Sadegh Movahed^*, M. Saadat^+and M. Reza Rahimi Tabar^'^ t 

^Department of Physics, Sharif University of Technology, Tehran, P.O.Box: 11365-9161, Iran 
"^CNRS UMR 6529, Observatoire de la Cote d'Azur, BP 4229, 06304 Nice Cedex 4, France 



Abstract 

We consider the 0(n) theory in the n — > limit. We show that the theory is described by 
logarithmic conformal field theory, and that the correlation functions have logarithmic singular- 
ities. The explicit forms of the two-, three- and four-point correlation functions of the scaling 
fields and the corresponding logarithmic partners are derived. 

PACS numbers: 05.70.jk; 11.25.Hf; 64.60.Ak; 82.35.Lr 

1 Introduction 

The n- vector model with its Landau-Ginzburg-Willson Hamiltonian, which has 0{n) symmetry, 
may be used to study physical properties of many critical systems. For example, in the limit n = 1 
we obtain Ising-like systems which describe liquid-vapor transitions in the classical and critical 
binary fluids. The Helium superfluid transition corresponds to the limit n = 2. Only for the 
case of n = 3 does the experimental information come from truly ferromagnetic systems. The limit 
n ^ describes the statistical properties of self-avoiding walks (SAWs), which describe the universal 
properties of linear polymers, i.e., long nonintersecting chains, in a dilute solution. These properties 
can be computed by such techniques as the transfer-matrix method PP, series expansions 0, and 
the scanning Monte Carlo method More generally, deep insight into the problem of computing 
the statistical properties of linear polymers and the SAWs can be obtained from the 0{n) model in 
the n ^ limit, a discovery first made by de Gennes 01 El- 

Recently, it has been shown by Cardy that the 0{n) model in the n limit has a loga- 
rithmic conformal field structure, with its correlation function having logarithmic singularity [7]. 
The logarithmic conformal field theories (LCFT) [6,7] are extensions of the conventional confor- 
mal field theories (CFT) [8-12], which have emerged in recent years in a number of interesting 
physical problems, such as the WZNW models [13-18], supergroups and super-symmetric field theo- 
ries [19-25], Haldane-Rezzayi state in the fractional quantum Hall effect [26-30], multi-fractality [31], 
two-dimensional turbulence [32-34] , gravitaitionally-dressed theories [35] , polymer and abelian sand- 
piles [36-40], string theory [41-44] and the D-brane recoil [45-55], Ads/CFT correspondence [56-67], 
Seiberg-Witten solution to SUSY Yang-Mills theory [68] and disordered systems [69-80]. Moreover, 
such related issues as the Null vectors. Characters, partition functions, fusion rules. Modular Invari- 
ance, C-theorem, LCFT's with boundary and operator product expansions have been discussed in 
Refs. [81-120]. 

The LCFT are characterized by the fact that their dilatation operators Lq are not diagonalized 
and admit a Jordan cell structure. The non-trivial mixing between these operators leads to loga- 
rithmic singularities in their correlation functions. It has been shown in Ref. [8] that the correlator 
of two fields in such field theories has a logarithmic singularity as follows: 



*e-mail: 
te-mail: 
te-mail: 



m.s.movahed@mehr.sharif.edu 
msaadat@sharif.edu 
rahimitabar@iust . ac . ir 



1 



(V'(n)V'(r-2)) ~ \ri - r^V'^'' In In - ral + . . . (1) 

In this paper, we consider the correlation functions of the scahng fields of the 0(n) model and 
derive explicit expressions for the two-, three- and four-point correlation functions. In Section 2, we 
derive the scaling fields and their scaling exponents. In Section 3, we derive the Jordan cell structure 
of the theory in the n ^ limit, while Section 4 presents the derivation of the two-, three- and 
four-point correlation functions of the scaling fields and their logarithmic partners. The details of 
calculations are presented in the Appendices. 



2 Scaling fields in the 0(n) model 

The Landau- Ginzburg description of the 0{n) model starts with the effective Hamiltonian: 

a a,b 

where a,b = 1,2, - ■ ■ ,n, and g is the coupling constant of the perturbation, J2a,b '■ 4>\4>b '■' *o 
model. Suppose that under a scaling transformation r ^ r = Xf, (f)a behaves as, (pa 4>a = A~^*n da , 
where is called the scaling dimension of the field <pa ■ Invariance of the Hamiltonian under scaling 
requires the coupling g to have the scaling dimension, tjg = d — 4a;^^ . It would be relevant at the 
pure fixed point if, d > 4.t" [120-121]. If yg is small, it is possible to develop a perturbative 
renormalization group (RG) equation in powers of these variables, which can then yield the fixed 
points. 

To develop the RG equation for a typical coupling constant g^, wc need the operator product 
expansion (OPE) coefficients. The general form of the 6eia- function for coupling gi is given by [6] : 

^3i = ^ = Vgidi - E (^ijk9j9k + ■■■, (3) 

jk 

where / > 1 is a re-scaling parameter. To derive the OPE coefficients wc note that, when = g = 0, 
we obtain the Gaussian model, i.e., H = ^ /X^a ■ i^'t'a)'^ '■ d'^f- In the Gaussian model, the various 
components (j)a are decoupled, so that the two-point correlation function has the following form: 

{4>a{ri)Urj)) = (4) 

where, rij = \ri — fj\. Considering $ = J2a b '■ 'Pa'Pb '■ ^ the perturbative term in 0{n) Hamiltonian, 
and using Wick's theorem, one can evaluate the OPE of the field $ with itself as: 



= iJ2:cPlcl>l:).{J2:cPlct>l:), 



a.b c,d 

= 24n2 + 96n£; + ^<i,$ + ---, (5) 

where, E = : i/i^ :, n = '^ab ^^b and ^$ = (8n -|- 64) (see Appendix A). Therefore, using Eq.(3), 
one obtains the following RG equation for g: 

Pg = yg9 - ^^9^ H ■ (6) 

To check that the field is a scaling operator, we consider the OPE of E with a scaling dimension 
XE{n) and $: 

= (^ : </.^).(^ : </.^</.^), 

c a, 6 

= 8$ + Cb^ + ---, (7) 

where, = (4n -|- 8). Therefore, this form of the OPE for £ • $ shows that the field S is a scaling 
operator. 
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As noted by Cardy [7], there is also another scahng field in the theory, Eab, with a scaling 
dimension x~(n) which is given explicitly by the following expression in terms of the fields cfia- 
E^i, —: (j)a4>b ■ J2c ■ ■■ Its OPE with $ is given by the following expression: 



Sab 

n 

+ ^~Eab + • • • , (8) 



c d,e 

8 



n 

with = 8. 

To derive the scaling dimensions of the fields E and Eab, we perturb the Gaussian Hamiltonian 
by these fields with the coupling ti and t2, respectively. Then, it is clear that their scaling dimensions 
are: 



Vl - (9) 
Then, according to Eq.Q, the RG equations for the couplings are given by: 

Ai = yti^i - 2^£;.9^i H , 

A. = yt.t2 - 2e^.g<2 + • ■ • (10) 

Because the fixed points and the RG eigenvalues correspond to the "zeros" and derivatives of the 
RG beta function at the fixed points, respectively, one has: 

- ^ (11) 



Using Eqs.®, we obtain: 



<-2y°|^, (12) 



and, similarly: 



2/t2 



Substituting the values of ^'s, y^^, and y^^, and denoting yt^ — d — xe and yt2 — d — x~, we obtain 
the following scaling dimensions for E and E: 

2(4n + 8) 

- ^'S-J^f>-- (14) 

One can then derive the OPE of the field : (j>a4'b ■ with the scaling dimension x^^{n) and $. If this 
is done, one obtains: 

: (/)Q0fc : .$ = iSabE + ^~ : (/)q06 :+•■•, (15) 
Therefore, it is clear that : (pacj^b '■ and E have the same scaling dimension. 



3 Scaling dimensions in the n ^ Limit 

It is evident that in the n ^ hmit, Eqs.(14) reduce to the foUowing: 

MO) = 4-|y,° + o(y°f, 

x^40) = x~{0) = ^o^^lyO + Oiy'^f. (16) 

Therefore, in the n — > hmit, there are three fields with the same scahng dimensions. It is well-known 
in CFT that two scaling fields with the same conformal weights may constitute a Jordan cell of rank 
2. Such theories are what are referred to as the logarithmic conformal field theories (LCFT). The 
correlation functions in LCFT may have logarithmic as well as power-law terms. Before calculating 
these correlation functions, we can show that E(r) and : (j)a<t'b{T) ■ constitute a Jordan cell in the 
n — > limits. Since E{r) and E(r) are two scaling fields in the 0(n) model with scaling dimensions 
XE^n) and x~{n), we have: 

E{Xr) = A""^^"'i^(r). (17) 

We are interested in the scaling behavior of : (I)a4>b{f) ■ in the n ^ limit. First, we write : 4'a4'b{'r) : 
in terms of E{r) and Eab{r) as: 

: (j^aMr) ^ab(r) + —Eir), (18) 
n 

and, then, using Eas. ljlTII . we find that: 

: 0,0fc(Ar) := A---(") [A""^"^""i^^"^^ab(r) + ^E^r)]. (19) 

Since, xe{0) — x~{0), then: 

A""'"^""S^^"^ = l-)-™ilnA + 0(n2) + ..., (20) 
where, u — x^(0) — x~(0). Now, it is straightforward to check that: 

E 

lim : 0a0b(Ar) := A--("'[: ^a<Pb{r) : -\n\{u5abE{r))]. (21) 

Therefore, u5abE{r) and : (I)a4>b{f) ■ are degenerate fields in the n — s- limit which form a Jordan 
cell: 



(22) 



u5abE{r) 
■ (l>a(l)b{r) 

4 Two, Three and four point correlation functions 

In this section we first derive the two-point correlation functions of the fields Eabir) and E{r), for 
arbitrary n. As shown in Section 2, these fields have the scaling dimensions x~{n) and XE{n)^ 
respectively. However, to fix the amplitude of the two-point correlation function and their tensorial 
structure we note that: 

{E{r,)E{r^)) = ((^ : ^Un) :)(E ■ ^'(^^) 0), (23) 

i j 

where normal ordered is defined as ::= 1— <>. The two-point correlation function of the field Eab{r) 
is given by: 

{Eab{n)E,d{r2)) = ((: c/^aMn) : -— ^ : ^Un) :)(: <l>cMr2) : : ^^^2) 0), (24) 

i j 



A 



and similarly for {Eab{ri)E{r2)) ■ The right-hand side of the above equations can be evaluated using 
Wick's theorem and noting that {4)a4>b) ^ Sab- Therefore: 



(: (t)a(f>b ■■ 4>c4>d ■) ^ Dab.cd, 

0Q(/)f, :: :) 26ab, 

i 

Y,{: 4>l :■■<!>] ■■) - 2n, (25) 

ij 

where Dab,cd = Sac^bd + Sad^bc- Howcver, we have fixed their tensorial structures by calculation of 
the two-point correlation function using the free Hamiltonian. Indeed, the interaction will change 
the amplitude and the scaling exponent, but dose not affect the tensorial structures. 
Using the Eqs.(25), we find that: 

{Eab{,ri)E{r2)) = 0, 
{E{ri)E{r2)) = 2nA(n)rif 

^ ^ 2 — — 2a;— (n) 

{Eab{ri)E,d{r2)) = [Dab.cd - -5cd5ab]A{n)r^^ ^ , (26) 

where A(n) and A(ri) are two functions have Taylor expansion at n = 0. 

We can now derive two-point correlation functions of fields E (scaling operator) and : (j)a4>b ■ 
(logarithmic operator) in the n ^ limit. Singularity of the two point functions at n ^ limit can 
be removed by choosing ^(0) = ^(0), as has recently been shown by Cardy [7]: 

lim(^(ri)S(r2)) = 0, 

n— >0 

liin{: cj)aMri)-E{r2)) = 2A(0)(5a6rif (27) 
lim (: ^aMn) ■■■■ ^cMr2) :) = \ A{0) [Dab,cd - 4u5a6^cd Inria] + 26ab6cd[A' (0) - A' (0)]} r^^^'^^^^'l 

This is a general property of correlation functions of the Jordan cell components in a LCFT [9] . 

In what follows we derive various three- and four-point correlation functions of the Jordan cell 
components. In the CFT, due to the conformal symmetry, the three-point correlation function of 
the scaling fields has the following form: 

{Vi{T'i)ip2{r2)vz{r3)) = A1+A2-A3 A1+A3-A2 A2+A3-A1 ' 

(28) 

'12 '13 '23 

where Ai, A2 and A3 are scaling dimensions of Lp\, ip2 and 953, respectively, and C123 is a parameter 
that depends on the model. 

We are interested in various three-point correlation functions of scaling field E and : (\)a4>b ■ which 
is its logarithmic partner at n — > limit. Using Eg. 118(1 and substitute of : (jjicfij : in terms of E and 
E, three-point correlation function of logarithmic field (: (jiafj^bifi) (I)c4'd{r2) ■■ <l>e4>f{f3) '■) can be 
written as follows: 

(: (j)a(j>b{ri) ■■■■ 4'c(t>d{r2) ■■ (I)e4>f{r3) ■) = ^(f^)(fl27'l3^'23) ^'^'■"^ 

X [Dab,cd,ef — ^{5abDcd,ef + ScdDab.ef + 5efDab,cd) + ^^abScdSef] 
c / n s / \ XE(n)~2x~(n) 

+ ^ {^D,a..,s ~ t^cA/) i?(n)(r-i2ri3)-"-("V23 

I . OS / \ XE(n) — 2x~(n) 

+ ^ {^Dab.ef - ^SabSef) S(n) (ri2r23 ) V^g 

+ {^Dab^cd - ^M^cd) S(n)(ri3r23)-"-("Vi2"^"^"'"-^"^ 

+ ^SnSabScd5efCin)in2ri3r23r^'=^"\ (29) 

where A(n), B(n), C{n) are functions that have Taylor expansion near ri = (see appendix B for 
details). To obtain the n ^ limit, we expand above expression about n = by writing down the 



X E C^) —x~{n) 

Taylor expansion of A{n), B{n) and C(n), and r^j ^ . It is not difficult to sec that resulting 
relation will be divergent in the n ^ limit for arbitrary values of A{0), -B(O), C(0), ^'(0), -B'(O) 
and C"(0). However, the divergent terms will cancel each other if we choose a special case in which 
A{0) = B{0) = C(0), and ^^'(O) = B'{0) = C"(0), so that: 

lim„^o(: 4>a4>b{ri) " (t>c4>d{r2) " (l)e<Pf{r3) ■) = (r-i2ri3r23)"^®^°^ 

X {A{Q) [Dab,cd,ef - 4:U {6abDed,ef In ^ + 6^Dab,ef In ™ + SefDab,cdln ^) 

+ 8M2(5a6^cd4/[4(lnri2 Inns + lnri2 lnr23 + Inris lnr23) - ln^(?'i2r-i3r-23)]] 

+ SabScdSef [SA"{0) - 12S"(0) + 4C"(0)]} . (30) 

In the same manner other three-point correlation functions obtain at n ^ limit as follows: 

\im {E{n)E{r2)E{r3)) = 0, 
lim{:(l^aMri)-E{r2)E{r3)) = 8A{0)6ab{ri2ri3r23r^''^°\ (31) 

n— >0 

lim (: cPaMn) ■■■■ cpcMr2) : E{r3)) = A{0) [4Dab,cd - 16u«dlnri2] (ri2ri3r23)-"^^°^ 

n— »0 

Finally, the four-point correlation functions of E and : (t)a4'b '■ can be calculated just as the same 
as three-point correlation functions. Some key-functions which are useful in this calculation given 
in appendix B. 

In the n — *■ limit we encounter divergent terms in four-point correlation functions, but the 

divergent terms will cancel each other if we choose a special case in which A{0) = B{0) = C(0) = 
D{0) , A'{0) = B'{0) = C'{0) = D'{0), A"{0) = B"{0) = C"{0) = D"{0) and h{v) = hiv) = 
faiv) = f4{v), Therefore: 

liin{E{n)E{r2)E{r3)E{r4)) = 0, 



lini(: (i)ah{ri) : E{r2)E{r2,)E{rA)) = 48A(0)/(??)(5a6(ri2ri3ri4r23r24r34) 

n— >0 



2xe(0)/3 

4 

limj: Mbin) ■■■ ct>cMr2) : E{r^)E{ri)) = A{0)f{rj){24D,b,cd + 8 - ISuln^^HlMlllIiill^^^^^^^) 

x(rl2rl3rl4r23r24r34)-'"^<°^/^ (32) 



lim„^o(: Mbin) ■■■■ (f)c(i)d{r2) ■■ <Pe<Pf{r3) ■ E{ri)) = 

^(0)/(»7) { [QDab,cd^ef + 2SabDcd,ef + 2ScdDab,ef + 25^fDabM 

+ 8u\SabDcd ef In , ^'^3r24r34 ^_ S^dDabef In , ''^^'•i-'-a^ + SefDab cd In /^^''^"''"w 

L U.U <^U.,KJ (ri2ri3ri4)^ ""!<-J {ri2l'23r24) ' u.u,ca (r23ri3r34) 

-SabScdSef Inri2ri3r23] - IGu'^SabScdSef [-2lnri2lnrs4 - 31nri2lnr23 
—2 lnri3 lnr24 — 3 lnri2 Inris — 2 lnr23 lnri4 — 3 Inris lnr23 
-|- In ri2 In ri4r24 — In ri4 In r24 + In ri3 In ri4r34 — In ri4 In r34 
-I- In r23 In r24r-34 - In r24 In r34 + In^ ru + In^ r24 + In^ r34] } 

X (rl2rl3rl4r23r24r34)-^^^(°^/^ (33) 



and 



lim{: ^aMfi) ■■■ Md{r2) :: (f>e^f{r3) " (t>g(f>h{ri) :) = ^(0)/(r/) 

n— >0 



X \ Dab,cd,ef,gh + -^U 



( 3SabDcd,ef,gh In '-23''24T'34 ^ ^^^^^ terms ) 



rt2ri3ri4r-23r-24 , n . \ 
6abdcdDef,gh In 5 1" "'^^ terms 



'34 



8 r r / 
+ ^M^l -SabScdDef,gh 2(lnri3 + lnri4)^ + 2(lnr23 +lnr24)^ - (21nri2 - lnr34)^ 



1 



+ In(ri3ri4r23r24) In ^ - 5(ln ns In r24 + In n4 In r24 + In m In r23 + In ri4 In r23) ) 

^12 / 

+five terms 

+ Sab^cdSefSgh - (In^ ri2 + five terms) + (In ri2 In na + In ri2 In ru + In na In ri4 
+ three terms) + (4 In ri2 In ra4 + two terms) j | 

+ ^u^SabScdSefSgh { ( 31n^ ri2 In(riari4r2ar24) + 41n^ ri2 - 61n^ lnra4 + five terms . 

— ^ 12 ln(ri2ria) In r24 In r34 + five terms^ + ^ 24 In ri2 In ria In r2a — 30 In ri2 In r2a In r24 

+ three terms ^ (34) 

+ S^tScdSefSgh [ - 24A'"(0) + 64B"'(0) - 48(7"' (0) + 8£»'"(0) ] } (ri2riari4r2ar24r34)-'""^°^/'. 

Because of avoiding lengthy expression we didn't write exphcit form of ah terms in the above 
equation, but it is easy to write them by symmetry considerations. 

5 Summary 

We have studied the correlation functions of self-avoiding walks and derived their two-, three-, and 
four-point correlation functions using the 0{n) model in the limit n ^ 0. One can directly check that 
the three- and four-point correlation functions have the general properties of a logarithmic conformal 
field theory, and that the logarithmic partner can be regarded as the formal derivative of the ordinary 
fields (top field) with respect to their conformal weight [9]. In this case, one can consider the field 
: (pai'b '■ as the derivatives of field E with respect to n. We emphasize that the derivative with respect 
to the scaling weight can be written in terms of the derivative with respect to n. These properties 
enable us to calculate any A'^-point correlation function that contains the logarithmic field : (f)a4>b 
in terms of the correlation functions of the top fields. The general expression of the correlation 
functions of the LCFT are given in Ref. [9]. Here, we have determined the unknown constants 
in the logarithmic correlation functions in terms of the details of the SAWs. It is noted that the 
formal derivations with respect to the scaling dimensions cannot predict the unknown constants in 
the quenched averaged correlation functions of the local energy density operators. The constants 
depend on the detail of the statistical model. 

Our analytical results can also be checked numerically. Our analysis is valid in all dimensions 
below the upper critical dimension. These results can be generalized to other problems, such as 
percolation, random phase sine-Gordon model, etc. 

This paper is dedicated to Professor Ian Kogan. 

6 Appendix A 

Here,_we present the details of the calculations for the operator product expansion of $ • E ■ ^ 
and Eab ■ ^- Using the definition $, one finds that: 



ah cd 

= 4 ^ (dac + Sac<Pa)(t^a<Pc<l>b4'd + ^ X! ('^'^'^ + ^ad4'a)4'a4'd4'b4>l + ^ ^ {5bc + 5i>c4>b)4>b(l)c4''i4>'d 

abed abed abed 

+ 4 ^(5bd -I- 5bd4>b)4'b(t>d4''i4>l + 2 ^(^ac + ^ac'Pa){^ac + ^ac(t>a)4>b^'^d 

abed abed 

+ 2 ^((5ad -h 5ad4>a){5ad + 5ad4>a)4>b4>l + 2 ^ ((5{,c + <^6c</'6)(^6c + 5bc4>b)4>l.4>d 



abed abed 
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+ 2^^{Sbd + Sbd(t>b){Sbd + Sbd(l>b)^l<^l + 8 ^^{^ac + Sac(f>a){Sad + ^ad<j>a)<i>h^c<Pd 

abed abed 

+ 8 ^((56c + Sbc(t)b)iSbd + 6bd4'b)(fi(l>c(l>d + 16 ^((5ac + Sac4>a){Sbd + Sbd4>b)4>a4>b(l>c4>d 
abed abed 

+ 16 ^((5ad + Sad(l>a){Sbc + Sbc<l>b)(t>aMc<Pd + 8 ^(^ac + ^ac'/'a)(^6c + Sbc<l>b)(l>a<f>b4'd 

abed abed 

+ S^^{6ad + Sad(t>a){Sbd + Sbd(pb)(l>a(pb(pl + 

= 24n^ + 96n£;+(8n + 64)$ + .... (35) 



a be 

= 4 ^((5ab + 5ab<t>a)<t>a<t>b4>l + 4 ^(^ac + 5ac4'a)4>a4>c4'b 
abc abc 

+ 2 ^{Sab + SabMiSab + Sab(t>a)<l>l + 2 ^{Sac + Sac(l>a){Sac + ^ac4>a)4>\ 

abe abc 

+ ^'^{Sab + 5ab(l>a){.5ac + 5ac^a)Mc, 



and, 



abc 

8$ + (4n + 8)£;+ .... (36) 



i cd 

+ 2^(5ac + ^ac(?^a)(^6c + hc<f>b)(f>d + 2^((5ac/ + 5ad<l>a){^bd + 5bd(l>h)<t>l 

cd ed 

+ 4^(^ac + 5ac(/>a)(^6d + 5hd(t>b)(t>c4>d + 4^(^ad + (5ad0a)(^6c + 5bc4>b)4>c4>d 



cd cd 

- ^(4n + 8)5::<^,^+..., 

= --^„6$ + 8K6 + -. (37) 
n 

7 Appendix B 

The detail of the derivation of the three- and four-points correlation functions arc presented in 
this Appendix. The three-point correlation function of the field Eab{r) has the following explicit 
expression in terms of the fields : 4'a4'b 



{Eab{n)E,4r2)Eef{r3)) = ((: </>„</.(,(ri) : Ei : 0?(n) :)(: ^cMr2) : Ej : '/'.'(r's) 

x{:cl>eMrs)---'ifEk--4>l{rs):)). (38) 
Tensorial structure of the right-hand side of the above equation has the following terms: 

(: (f)a(l)b ■■ 4>c4>d ■■ 4>e4>f '■) ~ Dab,cd,ef, 

y^(: 'f'a'Pb " <Pc<Pd ■■4''i ■) ~ 4:Dab,cd, 
i 

Y,{-- Mb ■■■.<t>i ■■■■<!>']■■) ~ 



02 :: </.2 :: 02 .) ~ 8n, (39) 

ijk 



where Dah,cd,e/ = SacDM,ef + SadDbc.ef + SaeDcd,bf + SafDbe,cd- Accordmg to Eq. (28) and the above 
equations: 



4 16 

Dab,cd,ef {SabDcd,ef + ScdDab.ef + SefDab,cd) H 2^ab5cd5ef 



X A(n)(ri2ri3r23) 



— X — (n) 



(40) 



Other three-point correlation functions which are used in deriving Eas. (|30l 31). obtain by the same 
method: 

(Eab{ri)E{r2)E(r^)) = 0, 
{E{n)E{r2)E{r^)) = 8nC(n)(ri2ri3r23)-"-("\ 

8 



{Eab{ri)E,a{r2)E{r:,)) 



4D 



ab,cd ^ab^cd 

n 



i?(r^)(rl3r23)~""("Vl2 ^ ■ (41) 



Four-point correlation function of four scaling fields ipi, if 2, </?3 and (f^ with scaling dimensions 
Ai, A2, A3 and A4, respectively, has the form: 

{Vi{riW2{r2)v^{r:iWi{ri)) ^ H (42) 

l<i<j<4 

with Ay = i X)t=i ^fe " ~ ELud /(r?) is the unknown function of cross ratio rj = ^J^^^. 

According to above equation some key functions that are used for deriving the four-point corre- 
lation functions are as follows: 

{Eab{r^)E{r2)E{r^)E{ri)) = 0, 

{E{ri)E{r2)E{r^)E{ri)) - A(n)/i(7])(ri2ri3ri4r23r24r34)"'"^<"'/'(48n + 12^2), 

{Kb{ri)Ad{r2)Af{r^)E{r^))^B{n)f2{fl){n2ri^^^^^^ 
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{Eab(r^)E,a{r2)E{T^)E{ri)) = C{n)h{'q) 



-ix~(n) /3+2xe (11) /3 2x~(n)/3-ixE (n) /3 
X (^■12 ){'>'za'' )(ri3ri4r23r24) 



48 
n 

-x~{n)/3—XE{n)/3 



{2n + 24)Dab,cd - ( 4 + — ) SabScd 



-2a:~(n)/3 













1 Pabcde fnh~^ 




SabScdSefSgh 




n J 







where 



{Eab{ri)Ecd{r2)Eef{r3)Egh{ri)) = £'(n)/4(77)(ri2ri3ri4r23r24»-34) 

^ ab.cd.ef ,gh ^abcdef gh 



Dab,cd,ef,gh = 5ac{5bdD ef ,gh + Dbd,ef,gh) + 5ad{5bcDef ,gh + Dbc,ef,gh) 

+ Sae{SbfDcd,gh + Dbf\cd,gh) + Saf iSbeDcd,gh + E>be,cd.,gh) 

+ Sag{SbhE>cd.ef + E)bh,cd,ef) + 5 ah{6bgD cd.ef + Dbg^cd,ef), 

CHabcdefgh = SabDcd,ef,gh + ScdDab,ef,gh + ^efDab.cd.gh + & ghD ab,cd,ef , 

Pabcdefgh = Sab5cdDef,gh + Sab^ef E>cd,gh + Sab^ghDcd,ef 

+ Scd^efDab,gh + ^cdSghDab,ef + ^efSghDab.cd- 



(43) 



(44) 
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